We show that the quantum Hamilton-Jacobi equation can be written in the classical form with the spatial derivative ∂ q replaced by ∂q with dq = dq √ 1−β 2 (q)
Let us denote by S 0 the Hamiltonian characteristic function (also called classical reduced action), so that p = ∂ q S 0 , where q and p are the coordinate and the momentum respectively.
The properties of S 0 are fixed by the equivalence principle introduced in [1] and that will be recalled below. Let us consider the case of two physical systems with Hamilton's characteristic functions S 0 and S v 0 and denote the coordinates of the two systems by q and q v respectively. Setting
induces the "v-transformations"
where
denoting the inverse of S v 0 . Recently, the following problem has been considered in [1, 2] Given an arbitrary system with reduced action S 0 (q), find the coordinate transformation q −→ q v 0 = v 0 (q), such that the new reduced action S v 0 0 , defined by
corresponds to the free system with vanishing energy.
In the following we will use the notation q 0 ≡ q v 0 , S 0 0 ≡ S v 0 0 . We also set W(q) ≡ V (q)−E, and denote the W = 0 state by W 0 (q 0 ) ≡ 0.
Observe that the structure of the states described by S 0 0 and S 0 determines the "trivializing coordinate" q 0 to be
Let us denote by H the space of all possible W's. The above question suggested the "diffeomorphic equivalence principle" [1] For each pair W a , W b ∈ H, there is a v-transformation such that
Observe that this implies that there always exists the trivializing coordinate q 0 for which
In [1] it has been shown that this principle implies the quantum analogue of the Hamilton-Jacobi equation which in turns implies the Schrödinger equation. Subsequently it has been shown in [2] that this is the unique possible solution. Let us shortly review the structure of the derivation in [1, 2] . First of all one observes the basic fact that the equivalence principle cannot be consistently implemented in classical mechanics. This can be summarized in the following steps 1) Consider the Classical Stationary Hamilton-Jacobi Equation
2) given another system with reduced action S cl v 0 , denote by q v the independent space coordinate variable;
. Therefore, in classical mechanics W belongs to Q, the space of functions transforming as quadratic differentials under v-maps; 5) it follows that in classical mechanics the W 0 state is a fixed point in the space of possible states, namely under a coordinate transformation
It is therefore clear that in order to implement the equivalence principle the CSHJE should be modified. The most general form would be 1 2m
Since classical mechanics exists, it is clear that the above equation must reduce to the CSHJE in a suitable limit. That is in some limit we must have
Since the equivalence principle implies that W / ∈ Q, it is clear that classical mechanics is the covariance breaking phase with Q having the role of covariantizing term.
The properties of W + Q under the v-transformations are determined by the transformed (1) and (7) yields
that is
Let us recall how Q is determined by the equivalence principle [1, 2] . We have seen that if W transforms as a quadratic differential, then W 0 would be a fixed point in the H space.
It follows that W / ∈ Q so that by (10) Q / ∈ Q. Therefore
and by (10)
For W a (q a ) = W 0 (q 0 ) Eq. (11) gives
This means that all the states correspond to the inhomogeneous part of the transformation of the W 0 state induced by some diffeomorphism.
Let a, b and c denote arbitrary v-transformations. Comparing
with the same formula with q a and q b interchanged we have (q b ; q a ) = −(∂ q a q b ) 2 (q a ; q b ), in particular (q; q) = 0. More generally, comparing
with (14) we obtain the basic relation [2] (q a ;
which extends to higher dimensions [3] . This relation, which is a direct consequence of the equivalence principle, actually implies that [2] (q a ;
where β is a dimensional constant and
denotes the Schwarzian derivative.
Since the inhomogeneous term in the transformation of W must disappear in the classical limit, we have by (17) that the classical phase corresponds to the β −→ 0 limit. By Eqs. (13) and (17) it follows that W itself is a Schwarzian derivative
with q 0 determined by the fact that the β −→ 0 limit corresponds to the classical phase.
Eq.(7) and the identity 1
imply that Eq.(20) is equivalent to
By (7) and (20) it follows that the equation for S 0 we were looking for is [1, 2] 1 2m
which is equivalent to (22). It follows that
where ψ D and ψ are linearly independent solutions of the stationary Schrödinger equation
Thus, for the "covariantizing parameter" we have
whereh = h/2π and h is the Planck constant.
In Ref. [1] the function T 0 (p), defined as the Legendre transform of the reduced action, has been introduced
While S 0 (q) is the momentum generating function, its Legendre dual T 0 (p) is the coordinate generating function
The second derivative of (27) with respect to s = S 0 (q) yields the "canonical equation"
with the "canonical potential" being
Observe that the choice of the coordinates q and q v , which of course does not imply any loss of generality as both q and q v play the role of independent coordinate in their own system, allows us to look at the reduced action as a scalar function. In particular, since S v 0 (q v ) = S 0 (q), we see that the transformations (2) leave the Legendre transform of T 0 (27) unchanged.
this is not the case for the canonical potential U. Nevertheless, there is an important exception as under the GL(2, C) transformations
where ρ ≡ AD − BC = 0, we have that the Möbius symmetry of the Schwarzian derivative implies
Therefore we can speak of GL(2, C)-symmetry of the canonical equation.
Involutivity of the Legendre transform and the duality
imply another GL(2, C)-symmetry, with the dual version of Eq.(29) being
with t = T 0 (p). We note that for p = γ/q the solutions of (29) and (32) coincide. Therefore we have the self-dual states
where the three constants satisfy γ p γ q γ = e. Observe that
The canonical equation (29) and its dual (32) correspond to two equivalent descriptions of physical systems that for the self-dual states overlap. Later we will consider another derivation of the self-dual states (34).
Remarkably, the quantum Hamilton-Jacobi equation (23) can be also seen as modification by a "conformal factor" of the CSHJE. In particular, using the identity
we have that the canonical potential determines the conformal rescaling [1, 2] 1 2m
This shows the basic role of the purely quantum mechanical self-dual state (34) with γ = ih/2 as for the W 0 (q 0 ) state, Eq.(36) has the form 1 2m
whose solution is
Therefore, in quantum mechanics, the W 0 state corresponds to one of the self-dual states (34) labelled by γ, for which the S 0 and T 0 descriptions coincide. We note that the zero mode (38) of the conformal factor 1 −h 2 U has been overlooked in literature.
The solution S 0 0 = i 2h ln γ0 solves the problem of finding the trivializing coordinate for which W(q) −→ W 0 (q 0 ). Actually, according to (5) 
We remark that related interesting issues have been recently considered in the [4] .
Similarly to the case of general relativity in which the equivalence principle leads to the deformation of the geometry, even in quantum mechanics one should investigate whether the equivalence principle implies a space deformation. In this context, the structure of the quantum Hamilton-Jacobi equation (36) suggests considering an underlying geometrical structure. Actually, Eq.(36) naturally leads to a coordinate transformation depending on the quantum potential. The key point is that (36) can be written in the form 1 2m
where ∂q ∂q
or equivalently (we omit the solution with the minus sign)
with
Integrating (42) yieldsq
We observe that the nature of the coordinate transformation is purely quantum mechanical;
in particular
Equation (45) indicates that in considering the differential structure one should take into account the effect of the potential on space geometry. In this context, the deformation of the classical Hamilton-Jacobi equation amounts to replacing the standard derivative with respect to the classical coordinate q with the derivative with respect to deformed quantum coordinatê q. In other words, the transition from the classical to the quantum regime amounts to a reconsideration of the underlying geometry which is modified by the potential itself.
A property of the quantum transformation (43) is that it allows to put the quantum Hamilton-Jacobi equation in the classical form. Namely, settinĝ
it follows that Eq.(36), equivalent to Eq.(37), can be written in the form 1 2m
This can be seen as the opposite of the problem, considered by Schiller and Rosen [5] , of determining the wave function representation for classical mechanics (see also [6] ).
In the standard formulation of the quantum analogue of the Hamilton-Jacobi equation [7] , one considers a couple of equations which arise by setting ψ = Re iS 0 /h , so that for the W 0 (q 0 ) state one chooses S 0 = cnst and R = Aq 0 + B. Note that setting ψ = Re iS 0 /h is suggested by the interpretation of |ψ| 2 = R 2 as probability density. On the other hand, it is easy to see that any solution has the form
However, while on the one hand it is not possible to define the Legendre transform of a constant, so that the S 0 -T 0 duality would be lost, on the other hand, we have that the overlooked solution S 0 0 = i 2h ln γ0 for the W 0 state still gives the same wave function ψ = Aq 0 + B. The form (23) of the quantum Hamilton-Jacobi equation is considered in [8] . In this context we observe that the non-linear relation between S 0 and the wave function, which can be also written in the form S 0 (q) = i 2h ln(A q ψ −2 + B)/(C q ψ −2 + D), is related to a non complete equivalence between the Schrödinger equation and the quantum Hamilton-Jacobi equation (23). Another interesting example of inequivalence between the Schrödinger equation and Eq.(23) is provided in [9] where it has been shown that for bound states the quantum Hamilton-Jacobi equation (23) describes microstates not detected in the Schrödinger representation. This is an interesting example of how the reduced action S 0 represents an exhaustive description of quantum mechanics.
The fact that the quantum Hamilton-Jacobi equation admits the classical representation (49) suggests that classically forbidden regions correspond to critical regions for the quantum coordinate. Actually, writing Eq.(45) in the equivalent form (s = S 0 (q))
we see that the integrand is purely imaginary in the classically forbidden regions W > 0.
Furthermore, since according to (37), for the W 0 state the conformal factor vanishes, it follows by (45) that the quantum coordinate for the free particle state with vanishing energy is divergent. To better understand the role of the W 0 state it is useful to first rederive the self-dual states (34) by another approach.
The S 0 -T 0 duality implies that a given physical system may be described either by the S 0 -picture or by the T 0 -picture. On general grounds, it is clear that a naturally selected W state is the one corresponding to the degenerate case in which the S 0 and T 0 pictures overlap. In order to find this common subspace we consider the interchange of the S 0 and T 0 pictures given by
This implies that
which is equivalent to
that isS 0 (q) = αβT 0 (p) + cnst,T 0 (p) = αβS 0 (q) + cnst.
Furthermore, since we require that (52) be of order two, we have up to an additive constant
so that
We observe thatS 0 (q) andT 0 (p) are basically the Legendre transform of S 0 (q) and T 0 (p) respectively.
The distinguished W states are precisely those which are left invariant by (52) and (55),
Let us now introduce the Legendre transform of the Hamilton principal function S
Observe that for stationary states
Let us consider the differentials
which imply
This equation connects the S and T pictures through the time evolution. By (55) (57) (58) and (61) we have that the distinguished states correspond to S = ±T + cnst. 
Therefore, the distinguished W states correspond to
Since S = pq − T , we have
where γ is a constant. Therefore, the distinguished states are precisely the self-dual states (34).
We have seen that the self-dual state with γ = ih/2 corresponds to the W 0 state. The fact that it corresponds to the distinguished state connecting the S 0 and T 0 pictures, indicates that this state corresponds to a critical point for the coordinate transformation. In this context the observed divergence forq corresponding to the W 0 state is not a surprise. A property of this state is that it corresponds to 1 2m (∂ q 0 S 0 0 ) 2 = −h 2 /(8mq 0 2 ) showing that we cannot consider the momentum as in classical mechanics. Furthermore, more generally, we can see how the GL(2, C)-symmetry makes 1 2m (∂ q S 0 ) 2 undetermined. Namely, due to the Möbius symmetry of the Schwarzian derivative, one has
(70)
It follows by (21) that what is invariant is not (∂ q S 0 ) 2 but rather (∂ q S 0 ) 2 +h 2 {S 0 , q}/2. This indicates that the "kinetic term" 1 2m (∂ q S 0 ) 2 and the quantum correction Q =h 2 4m {S 0 , q} make sense separately in the classical regime only where Q −→ 0. The role of the quantum correction Q is somehow reminiscent of the relativistic rest energy, as it is an intrinsic property of the particle.
We now show that the quantum Hamilton-Jacobi equation has an explicit geometrical formulation. In order to do this we use a result by Flanders [10] who showed that the Schwarzian derivative can be interpreted as curvature of an equivalence problem for curves in P 1 . One first introduces a frame for P 1 consisting of a pair x, y of point in affine space 
Given a map φ = φ(s) from a domain to P 1 one can choose a moving frame x(s), y(s) in such way that φ(s) is represented by x(s). Observe that this map can be seen as a curve in P 1 .
Two mappings φ and ψ are said equivalent if ψ = π • φ with π a projective transformation on P 1 . One easily see that if b = 0 then φ is constant. If b is never vanishing there are two possible cases with the associated natural moving frames being [10] x ′ = y, y ′ = −kx,
and
x ′ = −y, y ′ = kx.
It turns out that x, y are determined up to a sign and k is an invariant. That is if x ′ 1 = y 1 , y ′ 1 = −k 1 x 1 , then x 1 = ±x, y 1 = ±y and k 1 = k. If s −→ z(s) is an affine representative of φ then z = λx where λ(s) is never vanishing.
It is easy to see that 
